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Abstract
The relativistic motion of test particles in stochastic magnetic fields is investigated. Guiding-centre motion is analysed
in relativistic invariant form for toroidal geometry. Including stochastic magnetic field components, a symmetric
Hamiltonian mapping technique, leading to a 4-dimensional iteration procedure, is developed. In general, an external
electric field and a time-dependence of the magnetic field perturbations are allowed for. Break-up of drift surfaces is
demonstrated via Poincare´ plots. The latter are analysed in detail for increasing (relativistic) kinetic energies of the
particles. The dependence of the escape rates on the kinetic energy is calculated and compared with the escape rates
for field lines. The non-relativistic limit of the model is derived. Quantitative results for the magnetic perturbations
in a dynamic ergodic divertor of the TEXTOR experiment are shown, and predictions for runaway electrons are
compared with experiments.
PACS numbers: 05.45.Ac, 45.20.Jj, 45.50.Dd, 52.20.Dq, 52.55.Dy, 52.55.Fa,52.55.Rk
1. Introduction
Typically, the transport rates of hot and magnetically confined
plasmas deviate significantly from classical [1] or neoclassical
[2] predictions. There exist many attempts to create a self-
consistent theory of nonlinear transport (see, e.g. [3, 4]
and references therein). Here, we further develop the
idea of analysing test particle transport in the presence of
given (magnetic) fluctuations [5]. This type of research is
primarily justified by its contribution to the understanding of
fundamental processes in plasmas [4]. In addition, recently
test particle transport in stochastic magnetic fields received
increasing practical interest because of new experiments with
externally generated ergodic magnetic fields. It has been
shown that, e.g. edge localized modes [6], plasma rotation
[7] as well as the topology of heat flow patterns [8] at the
boundary of stochastic edge plasmas are strongly influenced
by the stochastic magnetic field line structures.
The magnetic field line dynamics is one aspect [9]. As is
well known, magnetic field lines represent a 1 + 12 -degrees–
of–freedom Hamiltonian system. This fact is important for
the description of field lines by flux–preserving mappings
which are computationally efficient and powerful tools to
study field lines in the presence of non–axisymmetric magnetic
perturbations. Numerous mapping models of field lines in a
toroidal system have been proposed to study the destruction
of nested magnetic surfaces and the formation of stochastic
magnetic field lines (see [10–17] and references therein).
Another aspect of the transport theory is the dynamics of
particles in a magnetic field. It is known that in inhomogeneous
magnetic fields particle orbits deviate from the magnetic field
lines [18]. An important question is how this can affect the
transport of particles in a stochastic magnetic field. The
enhanced transport of heat and particles due to destroyed nested
magnetic surfaces has been analysed in the past in a number
of publications (see [19–26]).
In this paper, we investigate the drift motion of
particles in stochastic magnetic fields. Specifically, we
consider the dynamics of relativistic particles (runaway
electrons) in the TEXTOR tokamak in the presence of the
dynamic ergodic divertor (DED) [16, 27]. The study of
runaway electrons is important for magnetic confinement and
interpretation of astrophysical observations [28–37]. The
runaway phenomenon results from the strong increase in the
mean free path of an electron with its velocity. When electrons,
moving in an electric field, exceed a critical velocity, they are
accelerated freely and can reach very high energies. Several
mechanisms for runaway generation have been proposed [38].
Due to their synchrotron radiation, runaways lead to energy
loss. The typical energy scale of particles in a fusion device
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ranges from a few keV up to 15 MeV and more. In large
tokamaks runaway electrons with energies up to several tens of
MeV hav been observed during numerous disruptions (see [39]
and references therein). In a tokamak, runaways can cause
severe damage since they are deposited very locally at the first
wall components [40, 41].
Avoidance, suppression and termination of runaway
electrons in tokamaks became important issues for the future
fusion devices. Experiments in JT-60U [42, 43] have
demonstrated that the magnetic stochasticity may suppress
runaway electrons. Runaway losses due to stochastic magnetic
field perturbations have also been observed in Tore Supra
during the ergodic divertor operation [44] and in the TEXT
with the ergodic limiter [45, 46]. Thus, it is very important
to study how runaway orbits will be influenced by stochastic
fields [23, 24, 45, 47– 55].
In a weakly collisional plasma, charged particles gyrate
around the magnetic field lines. Since the gyro-radius scales
with the magnetic field strength, for magnetic fields of the
order of tesla the gyro-radii (especially for electrons) are very
small compared with the dimensions of the system. Because of
the curvature and gradients of the magnetic field, the particles
drift away from the magnetic surfaces. In the guiding-centre
approximation, one neglects finite gyro-radius effects. For
integrable situations, the deviations of the drift surfaces from
the magnetic KAM surfaces increase with the particle energy.
The kinetic energy of the particles is therefore, in addition
to the perturbation current for the stochastic magnetic field
generation, an important parameter for the break-up of drift
surfaces.
To study runaway electrons, e.g. with applications
to the TEXTOR-DED, we generalize the non-relativistic
Hamiltonian equations for guiding-centre motion, recently
proposed in [56, 57], to the relativistic regime. The
Hamiltonian system is studied by reducing it to a symplectic
mapping. The latter is constructed from the continuous system
using the method of canonical transformation [15, 17, 58,
59]. The fast–running mapping procedure is constructed
in a symplectic (volume-preserving) form, in contrast to
numerical mapping schemes for toroidal systems used in
[24, 26, 60]. Other relativistic theories of guiding-centre
motion in a tokamak plasma were also proposed in [23, 51,
61,62]. Particularly, in [62] a specific mapping describing the
dynamics of runaway electrons has been obtained.
The relativistic model derived here includes, besides
stochastic magnetic fields, particle drift effects in toroidal
geometry. In its general formulation, it describes particles
of any charge, mass, kinetic energy and relative direction of
motion. The general formulation of the theory also includes
an arbitrary external electric field. Note that the particles are
still described as test particles, meaning that the electric and
magnetic fields are not self-consistent. Any influences of the
particles on the fields are neglected. Furthermore, the model
does not include collisions and trapping of particles.
The paper is organized as follows. In section 2 we
formulate the relativistic drift Hamiltonian and derive the
equations of motion for the guiding-centres in external
electromagnetic (EM) fields. In section 3 we outline the
construction of a 4-dimensional mapping procedure for the
guiding-centre drift Hamiltonian. For quantitative predictions,
we use the TEXTOR-DED magnetic field configuration
[57]. The 4-dimensional mapping reduces to a 2-dimensional
description for static magnetic field perturbations. In the latter
case, in section 4, we explicitly investigate the changes in
the drift surfaces with increasing kinetic energy for runaway
electrons. Including magnetic perturbations, the changes
in the Poincare´ sections with increasing kinetic energy are
discussed. Furthermore, the dependence of the runaway escape
rates on the kinetic energy and on the perturbation current
is investigated. The theoretical results are compared with
recent measurements at TEXTOR. The paper is concluded by a
short discussion and outlook. Appendix A shows the different
behaviour of co-passing electrons in stochastic fields. The
non-relativistic limit is obtained in appendix B.
2. Relativistic drift Hamiltonian
2.1. Charged relativistic particles in an EM field
Let us consider a particle with mass m0 and charge q =
Zqe (Zq = −1 for electrons), where e is the elementary
charge. The EM field is described by the magnetic vector
potential A and the electric scalar potential φˆ. The vector
potential includes the magnetic equilibrium field as well as
the perturbation field. The external electric field is E =
−∇φˆ. We use cylindrical coordinates (Rˆ, ϕ, Zˆ) for the
toroidal geometry. ϕ represents the toroidal angle of the
torus, while Rˆ corresponds to the major radius. Using these
coordinates, the relativistic particle Hamiltonian Hˆ can be
formulated in a standard form. Due to the gauge invariance
of the vector potential, we can assume ARˆ = 0, i.e. A =
(0, Aϕ,AZˆ). The toroidal field is fully determined by the Az
component of the vector potential. The poloidal field and the
perturbation field are described by Aϕ-component. External
resonant magnetic perturbations may also contribute to the Az
component. However, as shown in [13], in the case of the
TEXTOR-DED these contributions are small in comparision
to the Aϕ component, and they can be neglected.
We normalize the coordinates as follows:
x = Rˆ − R0
R0
, z = Zˆ
R0
, t = ωcTˆ , (1)
px,z = pˆr,z
m0ωcR0
, pϕ = pˆϕ
m0ωcR
2
0
. (2)
Here, R0 is the major radius of the torus. The coordinates x
and z represent a Cartesian coordinate system, perpendicular to
the toroidal angle coordinate, with its centre at the geometrical
centre of the torus tube. To normalize the time we use the
gyro-frequency ωc = eB0/m0c, with the main magnetic field
B0. With the definitions
H˜ = Hˆ
m0ω2cR
2
0
, φ = q
m0ω2cR
2
0
φˆ, (3)
we obtain
H˜ =
[
ε20 + ε0
(
p2x +
(pϕ − fϕ)2
(1 + x)2
+ (pz − fz)2
)]1/2
+ φ,
(4)
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where ε0 = c2/ω2cR20 is the normalized particle rest energy and
the normalized vector potential has the components
fϕ = Zq
B0R0
(1 + x)Aϕ, fz = Zq
B0R0
AZˆ. (5)
It is convenient to expand the Hamiltonian to the 8-dimensional
phase space (qi, pi) = (x, ϕ, z, t, px, pϕ, pz, pt ), i =
1, . . . , 4, including the time t and the energy H˜ as additional
canonical variables. The reason is that for the mapping
technique we will have to change the independent variable
to the toroidal angle ϕ. Defining the canonical momentum,
conjugate to the time t , as pt = −H˜ , we can introduce
U = 1
2
(
(pϕ − fϕ)2
(1 + x)2
+ (pz − fz)2 − (−pt − φ)
2
ε0
+ ε0
)
(6)
as an effective potential for a one-dimensional particle motion.
In the following we will use the Hamiltonian
H = 1
2
(
p2x +
(pϕ − fϕ)2
(1 + x)2
+ (pz − fz)2
− (−pt − φ)
2
ε0
+ ε0
)
= 1
2
p2x + U = 0. (7)
The particle dynamics, including the gyration, follows from
the canonical equations of motion
dqi
dτ
= ∂H
∂pi
,
dpi
dτ
= −∂H
∂qi
(8)
with the time-like parameter τ . The latter is the relativistic
reference time within the co-moving frame of reference.
2.2. Guiding-centre approximation
To simplify the problem, we transform the fast varying
variables (x, ϕ, z, t, px, pϕ, pz, pt ) to the slowly-varying
guiding-centre coordinates (ϑx,,Z, T , Ix, Pϕ, Pz, Pt ) to
eliminate the fast gyration. The transformation is generated
by the function
F = ϕPϕ + zPz + tPt + εS(x, Ix, ϕ, Pϕ, z, Pz, t, Pt ), (9)
which depends on old coordinates and new momenta. Here,
εS =
∫
px(x
′, Ix, ϕ, Pϕ, z, Pz, t, Pt ) dx ′, (10)
and ε is a small parameter given by the ratio ρx/L of the
gyro-radius ρx to the characteristic scale L of the system. We
use (10) to transform the radial coordinates x, px to the action-
angle variables ϑx, Ix via
Ix = 12π
∮
C
px(x) dx, ϑx = ε ∂S
∂Ix
. (11)
The integration is along one full-turn gyration C of the particle
in the (x, px)-plane.
The guiding-centre is determined by the minimum of
the effective potential U(x). Due to the smallness of the
gyro-radius, we Taylor-expand around the guiding-centre
position xc:
H = 1
2
p2x + U(xc) +
1
2
ω2x(x − xc)2 +O((x − xc)3). (12)
The condition for the minimum leads to
u2ϕ + uϕ
∂fϕ
∂x
+ (1 + x)uz
∂fz
∂x
− (1 + x)γ ∂φ
∂x
= 0, (13)
with
uϕ = pϕ − fϕ1 + x , uz = pz − fz, γ =
−pt − φ
ε0
.
(14)
The solution xc = xc(ϕ, z, t, pϕ, pz, pt ) of equation (13) is
the position of the guiding-centre. The second derivative at xc
defines the gyro-frequency
ωx(xc,,Z, T , Ix, Pϕ, Pz, Pt ) =
∣∣∣∣∂2U∂x2
∣∣∣∣
1/2
x=xc
. (15)
Next, we transform making use of (9) and (10). We expand
the Hamiltonian into a power series in ε and obtain
H = H0 + εH1(ϑx,,Z, T , Ix, Pϕ, Pz, Pt ) + O(ε2)
= ωx(xc,,Z, T , Ix, Pϕ, Pz, Pt )Ix
+ U(xc,,Z, T , Ix, Pϕ, Pz, Pt )
+ εH1 + O(ε
2) = 0. (16)
The zeroth-order in ε describes the guiding-centre motion. It
does not depend on the fast gyro-phase ϑx . As shown in [56],
the action variable Ix is a good adiabatic invariant for typical
tokamak plasmas. Also, the gyro-frequency ωx is much larger
than the toroidal and poloidal transit frequencies of the drift
motion. Therefore, we can neglect the first and higher orders
in ε for electrons.
For the relations between the geometrical and guiding-
centre coordinates, we have to determine the unknown part S
of the generating function. For this we solve equation (12)
with respect to px :
px =
√
2(H − U(xc)) − ω2x(x − xc)2, (17)
and get from equation (10)
εS =
∫ √
2Ixωx − ω2x(x ′ − xc)2 dx ′. (18)
Substituting
y = x
′ − xc√
2Ix/ωx
, (19)
we find
εS = 2Ix
∫ √
1 − y2 dy = Ix[arcsin y + y
√
1 − y2]. (20)
The angle variableϑx , conjugate to the action-variable Ix , reads
ϑx = ∂S
∂Ix
= arcsin y. (21)
The relations between the old coordinates (qi, pi) and the
guiding-centre coordinates (Qi, Pi) are given by
Qi = ∂F
∂Pi
, pi = ∂F
∂qi
, i = 1, . . . , 4. (22)
The action variable Ix is considered a constant of motion.
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2.3. Simplification of the guiding-centre equations
We can simplify the equations for the guiding-centres and the
relations between the particle and guiding-centre coordinates
significantly by neglecting perturbations in comparison to the
main toroidal magnetic field Bϕ = B0R0/Rˆ. This leads to the
ansatz
Az(Rˆ) = −B0R0 ln Rˆ
R0
, i.e. fz = −Zq ln(1 + x)
(23)
for the z component of the vector potential. We also can neglect
the terms in equation (13) being proportional to u2ϕ , uϕ ∂fϕ∂x and
∂φ
∂x
. For relativistic electrons we typically have uϕ ≈ 10−2,
while all field components are small compared to B0 [56].
Then we obtain from equation (13)
(1 + x)(pz − fz)∂fz
∂x
= 0, i.e. pz = fz (24)
and
xc = e−pz/Zq − 1. (25)
According to equation (15)
ωx = 11 + xc = e
pz/Zq . (26)
The relations between the particle and guiding-centre
coordinates simplify to
x = xc +
√
2Ix
ωx
sin ϑx, px =
√
2Ixωx cos ϑx, (27)
z = Z +
√
2Ix
ωx
cos ϑx, pz = Pz, (28)
ϕ = , pϕ = Pϕ, t = T , pt = Pt . (29)
Neglecting the fast gyro-phase, the Hamiltonian (16) reads
H = ωx(pz)Ix + 12
[
(pϕ − fϕ(xc, ϕ, z, t))2
(1 + xc)2
− (−pt − φ(xc, ϕ, z, t))
2
ε0
+ ε0
]
= 0. (30)
The particle dynamics is given by the Hamiltonian equations
of motion (8) with the coordinates qi = (ϑx, z, ϕ, t) and the
canonical momenta pi = (Ix, pz, pϕ, pt ).
2.4. Hamiltonian equations for passing particles
For passing particles, the Hamiltonian drift equations can
be reformulated by introducing the toroidal angle ϕ as
the independent, time-like variable and the corresponding
canonical momentum pϕ as a new Hamiltonian K = −pϕ
(see [56]). From equation (30) we find
ωxIx +
1
2
[
ε0 − (−pt − φ)
2
ε0
]
= −1
2
(−K − fϕ)2
(1 + xc)2
(31)
i.e.
K = −fϕ − σ(1 + xc)[ε0(γ 2 − 1) − 2ωxIx]1/2. (32)
Here we introduce the new parameter σ = uϕ/|uϕ| = ±1,
which determines the direction of motion relative to the field
lines. For σ = 1 the particles move in the positive direction
of the toroidal angle (co-passing particles). For σ = −1
the particles move in the opposite direction, the so-called
counter-passing particles. The dynamics is given by the
Hamiltonian equations of motion, now with respect to the new
Hamiltonian K ,
dz
dϕ
= 1
Zq
(1 + xc)
[
∂fϕ
∂xc
+ σ
ε0(γ
2 − 1) − ωxIx − (1 + xc)γ ∂φ∂xc√
ε0(γ 2 − 1) − 2ωxIx
]
, (33)
dpz
dϕ
= ∂fϕ
∂z
− σ ∂φ
∂z
(1 + xc)γ√
ε0(γ 2 − 1) − 2ωxIx
, (34)
dt
dϕ
= σ (1 + xc)γ√
ε0(γ 2 − 1) − 2ωxIx
, (35)
dpt
dϕ
= ∂fϕ
∂t
− σ ∂φ
∂t
(1 + xc)γ√
ε0(γ 2 − 1) − 2ωxIx
, (36)
dϑx
dϕ
= σ(ε0(γ 2 − 1) − 2ωxIx)−1/2, (37)
dIx
dϕ
= 0. (38)
For the co-passing particles (σ = +1) the set of
Hamiltonian equations (33)–(38) should be integrated along
a positive direction of the toroidal angle ϕ, and vice versa for
counter–passing particles (σ = −1).
3. Discrete mapping
3.1. Specification of a magnetic field configuration
The toroidal component Aϕ of the vector potential is modelled
according to [57]. The unperturbed part is given by
A(0)ϕ =
B0R0
1 + x
∫ dψ
q(ρ(ψ))
, i.e. f (0)ϕ = Zq
∫ dψ
q(ρ(ψ))
.
(39)
Here, q(ρ) is the safety factor
q(ρ) = qa ρ
2/a2
1 −
(
1 − ρ2
a2
)ν for ρ  a, (40)
q(ρ) = qa ρ
2
a2
for ρ > a. (41)
qa = 2πB0R0a2µ−10 I−1p is the safety factor at the plasma edge
a, and the exponent ν = qa/q0. Ip is the plasma current.
ψ = 12ρ2 is the toroidal magnetic flux (action variable), and ρ
is the minor radius of the magnetic KAM surfaces. We have a
Shafranov shift [16, 57, 63]
(ρ) = R(ρ) − Ra ≈ η(a2 − ρ2) (42)
with a given parameter η. The relation between the minor
radius ρ and the geometrical coordinates reads
ρ =
√
(1 + x − Ra − (ρ))2 + z2. (43)
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Ra is the major radius of the plasma centre. Since the
Shafranov shift itself depends on the shifted radius ρ,
equation (43) is an implicit equation. It can be solved for ρ.
According to [16], for the TEXTOR-DED the normalized
vector potential of the perturbation magnetic field is
approximated as
f (1)ϕ (x, z, ϕ, t) = 
∑
m
fm(r¯, θ) cos(mθ + nϕ + ωt) (44)
with the Fourier modes
fm(r¯, θ) = −r¯cgmm−1
√
1 + r¯ cos θ
(
r¯
r¯c
)m
,
gm = (−1)m sin[(m + nm0/4)θc]
(m + nm0/4)π
.
Here  = Bc/B0 stands for the perturbation parameter, r¯ =√
x2 + z2 is the normalized minor radius of the torus and
θ = arctan(z/x) is the poloidal angle, r¯c = rc/R0 where
rc is a minor radius of the DED-coils. The dimensional minor
radius r is r = r¯R0.
There are three operational modes of the DED: m/n =
12/4, 6/2 and 3/1. In these modes the toroidal mode number
n takes the value n = 4 for the 12/4 mode, n = 2 for the 6/2
mode and n = 1 for the 3/1 mode, respectively.
3.2. Details of the relativistic drift map
Presenting the normalized vector potential f as a sum, f =
f (0)ϕ (x, z) + f
(1)
ϕ (x, z, ϕ, t), we write the Hamiltonian (32) in
the form
K = K0(z, pz, pt ) + K1(z, t, pz, pt , ϕ), (45)
where K0(z, pz, pt ) is the unperturbed Hamiltonian defined by
equation (32) with f = f (0)ϕ (x, z), and K1 = −f (1)ϕ describes
the perturbation Hamiltonian.
The construction scheme of a symplectic mapping for
the system (45) is given in [15, 17, 57, 59] and consists of
the following steps. First, for the unperturbed Hamiltonian
K0(z, pz, pt ), one introduces the action-angle variables (I, ϑ)
for the canonical variables, (z, pz). In these variables the
unperturbed Hamiltonian K0 depends only on the action
variable I and the energy pt , i.e. K0 = K0(I, pt ).
One introduces also a ‘time’ variable T being conjugate
to the energy pt . The perturbation Hamiltonian K1 =
K1(I, ϑ, pt , T ) is a periodic function of the angle ϑ with
a period 2π , and can be presented as a Fourier series in
ϑ . The corresponding Fourier coefficients Km(I, pt ) are also
precalculated.
For this Hamiltonian the drift orbits are q(ϕ) =
(I (ϕ), ϑ(ϕ), pt (ϕ), T (ϕ)). The forward and backward
mappings are defined as
(Ik±1, ϑk±1, pk±1, Tk±1) = Tˆ±(Ik, ϑk, pk, Tk), (46)
which relates the intersection points, (Ik, ϑk, pk, Tk), (k =
0,±1,±2, . . .), of the drift orbit q(ϕ) at the poloidal sections
ϕk and ϕk±1. The poloidal sections can be defined as ϕk =
k(2π/s), where s  1 is an integer number.
The explicit form of the 4D mapping (46) is given in [57].
For the time–independent perturbations (ω = 0), the mapping
Figure 1. Unperturbed drift surfaces for various kinetic energies
compared with the magnetic surface (label 1). Shown are surfaces
for q = π , with kinetic energies of 2 MeV (label 2) and 10 MeV
(label 3) for co- and counter-passing particles, respectively.
reduces to the two-dimensional case. Then the particle energy
pt is a constant of motion. In the following we evaluate the
two-dimensional case. The mappings Tˆ± in this case read
Jk = Ik − ε ∂Sk
∂ϑk
, k = ϑk + ε ∂Sk
∂Jk
, (47)
¯k = k + (Jk)(ϕk±1 − ϕk), (48)
Ik±1 = Jk + ε ∂Sk±1
∂ϑk±1
, ϑk±1 = ¯k − ε ∂Sk±1
∂Jk
, (49)
where (I) = ∂K0/∂I is the transit frequency. The
generating functions Sk and Sk±1 are given in [15, 17, 57].
In practical calculations we use the generating function
in the first order of small perturbation parameter . The
accuracy of mapping in this case depends on the map step,
ϕ = ϕk+1 −ϕk . As was shown in [17,59] for ϕ comparable
with a characteristic period of perturbation the mapping has the
same accuracy as the symplectic integrator with integration
steps two orders smaller.
Finally, we should note that the mapping Tˆ+ should be
applied for co-passing particles while Tˆ− should be used
for counter-passing particles. Particularly, since runaway
electrons are counter-passing particles their orbits are mapped
by Tˆ−.
3.3. Unperturbed drift surfaces
First, we consider drift orbits in the absence of magnetic
perturbations. In this case the Hamiltonian K = −pϕ (32)
is the integral of motion, i.e. pϕ = const. Therefore, the drift
orbits lie on the surfaces determined by equation pϕ(x, z) =
const. These surfaces do not coincide with the magnetic
surfaces fϕ(x, z) = const. As seen from equation (32) the
shift of drift orbits from the magnetic surfaces depends not
only on the kinetic energy of particles but also on the direction
of motion σ and its charge.
Figure 1 shows various drift surfaces for different kinetic
energies and propagation directions in comparison to the
magnetic KAM surface for the field lines. We have chosen
the constant irrational value q = π . The magnetic surface is
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shifted outwards, compared to the geometrical centre of the
torus. This is caused by the Shafranov shift which takes into
account the effects of the toroidal geometry. Note that the
poloidal angle θ = π marks the inner side of the torus, where
the perturbation coils are mounted, while θ = 0 corresponds
to the outer side. As one can see from figure 1, the drift
surfaces for co-passing electrons are shifted inwards. The
shift is larger for higher energies and always larger than the
shift in the magnetic surface. The latter can be interpreted as
the drift surface of particles with zero energy. The counter-
passing electrons are shifted outwards, and again the shift is
larger for higher energies. The Shafranov shift is compensated
at an energy of about 2 MeV.
4. Runaways in perturbed fields
Runaway electrons (40 MeV) propagate in tokamaks
opposite to the direction of the plasma current. In TEXTOR
the plasma current and the mean toroidal magnetic field have
opposite directions, while in our model both have the same
direction. We can apply the formulation of the equations of
motion provided here by a change of the sign in the definition
of the normalized vector potential fz in equation (23), i.e. by
fz → −fz. Then in equations (25), (26) and (33) one should
make the change Zp → −Zp.
Measurements at TEXTOR [37] show that in the m/n =
3/1 base mode operation of the DED a relative wide area
of runaway electrons is depopulated. In the DED m/n =
12/4 base mode, this area is considerably smaller. For the
understanding of this phenomenon we analyse the structures
of the Poincare´ sections in all base mode operations for various
kinetic energies. Further, we consider N0 test particles on
a certain unperturbed drift surface in the ergodic region and
determine the escape rates of these test particles in all three
base modes for different kinetic energies. The perturbation
current is thereby kept constant.
4.1. Broken runaway drift surfaces
4.1.1. m/n = 12/4 base mode. The mapping proce-
dure (47)–(49) provides us with the Poincare´ plot, which will be
called a drift map in the following. Using the same parameters
as in figure 1, we now discuss drift maps for finite perturbation
currents. We start with I0 = 10 kA and the m/n = 12/4 base
mode and we vary the energy of the runaway electrons.
The general tendency is as follows. The structures created
by runaway electrons with the kinetic energy up to 1 MeV are
very similar to the structures of the field lines. This means that
low-energy particles mainly follow the field lines. However,
high-energetic electrons behave more regularly. This can be
seen from the drift map for runaway electrons which becomes
more and more regular with increasing particle energy. Also
the finger structure [57] is less pronounced as for field lines.
Figures 2(a) and (b) show the drift map for runaway electrons
at 0.5 MeV and 8 MeV, respectively. As seen from figure 2(b),
at the kinetic energy 8 MeV the finger structures present at
0.5 MeV (see figure 2(a)) vanished and the drift motion became
very regular. All particles are confined inside the plasma,
because the last surface directly beneath the wall is an intact
drift surface. No chaotic behaviour remains. This has two
Figure 2. Drift maps for (a) 500 keV and (b) 8 MeV runaway
electrons in the m/n = 12/4 base mode at a perturbation current of
10 kA.
reasons. Due to the drift effects, the structures of runaway
electrons are shifted outside, so that the particles are shifted
away from the DED coils, as already shown in figure 1. They
are shifted into areas of lower perturbations. The drift map
becomes more and more regular for higher energies and also the
vanishing of the finger structures [57] is expected. But this is
not the only reason for the regular behaviour. Analysing the co-
passing electrons, one might expect a strong chaotic behaviour
caused by the shift towards the coils. On the contrary, the
runaway electrons behave more regular for higher energies
too. This can only be attributed to the high kinetic energy of
the electrons. Their motion inside the torus is so fast that they
do not really feel the chaotic magnetic field.
We can conclude that generally particles with high kinetic
energy do not really feel the chaotic magnetic field during
the m/n = 12/4 base mode. The high-energetic particles
are confined inside the plasma, and they are strongly shifted
to one side. The last intact drift surface is located directly
beneath the wall, either at the outside, θ = 0, or at the inside,
θ = π , of the torus, depending on the particle charge and
the direction of motion. Particles beyond the last intact drift
surface are connected to the wall. They move on surfaces
which cross the wall. These particles may be lost to the wall
extremely fast. The drift maps for the m/n = 12/4 base
mode operation indicate that runaways are not affected by the
stochastic magnetic fields.
We should note that similar results were also obtained in
[23, 24, 47–49].
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Figure 3. Drift map for 10 MeV runaway electrons in the
m/n = 6/2 base mode at a perturbation current of 5 kA.
In appendix A we present results for co-passing electrons
in the 12/4 mode operation.
4.1.2. m/n = 6/2 base mode. The situation for the m/n =
6/2 mode is similar to the m/n = 12/4 mode, although the
islands are larger and the perturbation penetrates more deeply
into the plasma edge compared with the 12/4 mode operation.
Figure 3 shows the Poincare´ section of 10 MeV runaway
electrons in the 6/2 mode. Similar to the 12/4 mode the
high-energetic particles behave more regularly than the low-
energetic ones. In comparison to the 12/4 mode the 10 MeV
particles are much more chaotic in 6/2 mode operation than the
8 MeV in 12/4 mode. As one can see in figure 3 there are still
areas of stochasticity and the system is still open to the wall,
but one can also see that an intact drift surface has been formed
at the transition of the ergodic zone to the laminar zone. At
10 MeV the runaway electrons of the ergodic zone are confined
in the plasma. In the 6/2 mode the runaway particles are very
well affected by the stochastic field. One can expect that the
number of runaway electrons decreases with DED operation.
Many high-energetic particles are lost at the wall before their
kinetic energy has reached values where they are confined.
4.1.3. m/n = 3/1 base mode. In the 3/1 mode operation
the perturbation field penetrates the plasma even deeper than
in the 6/2 mode.
In spite of the high kinetic energy of 15 MeV figure 4
shows a very chaotic behaviour of the runaway electrons in
the 3/1 mode operation. The energy thresholds for forming
stable drift surfaces is much larger in the 3/1 mode than in the
6/2 or 12/4 mode. We can expect that the loss of runaway
electrons is significantly large in the 3/1 mode operation. The
area affected by the perturbation and being open to the wall
is larger than in the 6/2 mode, and also the high-energetic
particles feel the perturbation.
4.2. Escape rates
In the absence of external magnetic perturbations the runaway
electrons leave the plasma region mostly due to collisional
diffusion. The rate of such a diffusion in TEXTOR is of
Figure 4. Drift map for 15 MeV runaway electrons in the
m/n = 3/1 base mode at a perturbation current of 3 kA.
the order of 0.01 m2 s−1 [50]. In the presence of magnetic
perturbations, the runaway diffusion coefficient Dr for low-
energy electrons with a few MeV can be simply estimated using
the formula Dr = vrDm, where Dm is the diffusion coefficient
of field lines and vr is a typical velocity of electrons. For
the m/n = 3/1 base mode Dm is of the order of 10−5 m at
the perturbation current I0 = 3.75 kA [16]. Therefore, for
electrons with 1 MeV we have Dr ≈ 3 × 103 m2 s−1, which
means that the confinement time is τr ≈ r/
√
2Dr ≈ 1µs
(in the stochastic layer of width r ≈ 8 cm). However, this
estimation of the confinement time is valid only for the low-
energy runaway electrons, E  1 MeV, when drift orbits of
runaway electrons are close to magnetic field lines.
As has been shown above, with increasing kinetic energy
the drift orbits become less stochastic, and one expects
a decrease in the diffusion rate due to stochastic fields.
Calculations performed in [64] show that the quasilinear
diffusion coefficients are reduced due to the effect of drifts. The
quasilinear estimations are valid, however, only for the highly
developed chaotic motion, and they are not applicable for
partially chaotic systems. As shown in [12–16], the quasilinear
predictions of field line diffusion coefficients in the stochastic
layer of the TEXTOR-DED exceed the ones obtained by direct
integrations by a factor of order of 10. Therefore, for a realistic
estimation of confinement times of runaway electrons in the
partially stochastic layer one should use direct calculations.
Below we study the escape rates of runaway electrons for
different energies. This will provide us with an estimate of the
energy thresholds for the particle confinement in the different
modes. We start with N0 test particles on an unpertubed drift
surface, being equally distributed along the whole poloidal
angle. Then we iterate until the particles hit the wall, where
they are eliminated. The calculation is stopped when 90%
of the particles are lost. N(t) is the number of particles in
the system at time t . Thereby t corresponds directly to the
number of toroidal rotations given by the number of iterations.
N(t)/N0 is called the escape rate.
Figure 5 shows the calculated logarithm of the escape rates
for field lines, 1.25 MeV, and 1.75 MeV runaway electrons,
respectively. The perturbation current is kept constant at
I0 = 10 kA in the m/n = 12/4 base mode. The escape rates
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Figure 5. Logarithms of the escape rates for magnetic field lines and
electrons (at two different energies), respectively, in the 12/4 mode.
Figure 6. Exponential decay parameter λnorm, normalized with the
decay parameter for field lines. Shown is the dependence on the
kinetic energy (solid lines; linear fits depicted as dashed lines) for
different base mode operations.
follow an exponential decay law
N(t) = N0(N1 + e−λt ). (50)
We can determine the decay parameter λ from the gradient of
the linear curves. Note that there is an offsetN1 of about 5–10%
for all escape rates. The reason for this offset is unknown.
One can speculate that extremely long running particles are
either following another, very long time escape mechanism,
or that they are not leaving the system at all. By calculating
the escape rates for various kinetic energies and all three base
mode operations, we find the dependence of the characteristic
decay parameter λ on the energy as
λ ∼ −(E − Ec). (51)
Typical decay parameters are depicted in figure 6 for
I0 = 10 kA in them/n = 12/4 base mode, for I0 = 5 kA in the
m/n = 6/2 base mode, and for I0 = 3 kA in the m/n = 3/1
base mode. The decay parameters decrease linearly with
increasing energy. From figure 6 we can determine the critical
energies Ec, where a stable drift surface is formed at the edge
of the ergodic zone. Within our model (no collisions), for
E > Ec all particles from the ergodic zone are confined within
the plasma. From λ = 0 we obtain Ec,12/4 = 1.87 MeV in
the m/n = 12/4 base mode. This explains why runaways are
not significantly affected by the DED in the m/n = 12/4 base
mode operation. The laminar zone is still open to the wall. For
higher kinetic energies more intact drift surfaces are formed
beneath the wall. At 8 MeV (see figure 2) the laminar zone
is also confined. So, all high-energetic runaway electrons are
confined inside the plasma, which agrees with experimental
observations [37].
The critical energy Ec,6/2 for establishing an intact drift
surface at the edge of the ergodic region is much larger than
for the 12/4 mode. We obtain Ec,6/2 = 7.13 MeV, which
is underlined by figure 3, where the former ergodic region is
already regular. The threshold for the total plasma confinement
is expected to be much larger. Runaway electrons are much
more affected by the stochastic field compared with the 12/4
mode operation. We expect an enormous decrease in runaway
electrons with DED operation in the 6/2 mode. In particular
the lower-energetic runaways (a few MeV) are lost at the wall
while the very high-energetic ones are only slightly affected.
This is confirmed by experiment as we will see later.
The extrapolation of the critical energy for the 3/1 mode
reads Ec,3/1 = 19.4 MeV. At this energy the ergodic zone
is confined. Figure 4 shows that at 15 MeV the ergodic
zone is still open. We expect the energy threshold for the
total confinement of the plasma to be much larger than the
typical energy range of runaway electrons. In the 3/1 mode
operation all runaway electrons are affected strongly by the
DED perturbation and we expect large losses in wide areas of
the plasma edge.
4.3. Experimental results
The results of the numerical simulations can be compared with
experimental results. Experimentally, we should distinguish
between the detection of fast runaways (via synchrotron
radiation emission) and relatively slow runaways (via electron
cyclotron radiation (ECE) emission).
ECE and synchrotron radiation are both EM radiation
and stem from the accelerated motion of electrons around
the magnetic field lines. At low energies, the emission
is a line radiation with the frequency corresponding to the
electron cyclotron frequency in the microwave spectral region.
At higher electron energy, radiation is emitted from (few)
harmonics of the cyclotron frequency as well. The emission
is predominantly perpendicular to the instantaneous direction
of the magnetic field lines; in typical fusion plasmas, the
radiation is optically thick—i.e. emission and re-absorption
are in equilibrium; therefore the ECE is often used for the
electron temperature measurement of the plasma.
It is an experimental observation that the ECE signal
is a factor of four to ten times enhanced by the presence
of low energy runaway electrons. The radiation is emitted
perpendicular to the magnetic field lines and therefore cannot
stem from highly relativistic particles. Even though it would
be very intriguing to obtain information, e.g. of the distribution
function of the runaways from the enhanced ECE signal, we
did not succeed because of the problem of the optical thickness
due to the re-absorption of the radiation.
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Figure 7. Experimental microwave signal, emitted by low-energetic
runaway electrons as a function of time in the 6/2 base mode for
different perturbation currents. In order to protect the very sensitive
detectors, the ECE diodes are protected by a shutter during runaway
operation. For this reason, the signal is rather noisy and shows a
negative offset.
With increasing electron energy, the number of harmonics
increases and leads to a continuum emission when electrons
are in the relativistic energy range. The Lorentz transformation
forces the emission in a forward direction of the instantaneous
velocity; the opening angle of the emission cone is of the
order of the relativistic mass factor γ . In a tokamak the
emission is in the direction of the magnetic field lines—
in contrast to the ‘classical’ emission from the synchrotron
and from astrophysics objects—and it obeys the Schwinger
equation [30, 65]: The radiation spectrum depends only on
the runaway number, their energy and on the instantaneous
radius of curvature; at an energy of  = 30 MeV, the emission
maximum is in the IR range at about 5µm. At the emission
maximum, the emitted power increases with the 7th power of
the energy divided by the 3rd power of the radius of curvature
of the orbit [66].
Measurements of synchrotron radiation, emitted by the
very high-energetic (about 30 MeV) runaway electrons, and
microwave radiation, emitted by the lower-energetic (up to a
few MeV) runaway electrons, were performed at TEXTOR for
the 6/2 base mode operation.
Figure 7 shows the time evolution of the microwave signal,
created by electrons up to 5 MeV, for different perturbation
currents. The DED current is switched on at t = 3 s, ramped
to its maximum over 0.5 s, and shut down at t = 4.5 s. For all
perturbation currents I0 > 0 the microwave signal deceases
more or less in the same way, especially when compared to the
reference shot without a DED perturbation current (I0 = 0).
This supports the theoretical result that the lower-energetic
runaway electrons are heavily lost to the wall in the 6/2 base
mode. The dependence on the perturbation current is weak.
Figure 8 shows the synchrotron signal versus time for the same
shots as in figure 7, again in 6/2 base mode operation. As
expected from the theoretical simulations, the amounts of high-
energetic runaway losses depend strongly on the perturbation
current. For I0 = 4 kA only very few high-energetic runaway
electrons are lost at the very end of the shot. High-energetic
runaways are affected only for large perturbation currents when
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Figure 8. Experimental synchrotron radiation signal, emitted by
high-energetic runaway electrons, as a function of time in the 6/2
base mode, for different perturbation currents.
the threshold of the decay parameter comes into the region
of high energies (see figures 5 and 6). This underlines the
result that runaway electrons of about 25–30 MeV are mostly
confined inside the plasma. Remember, the energy threshold
for the confinement of the ergodic zone is 7.13 MeV for I0 =
5 kA. By increasing the perturbation current, the loss of high-
energetic runaways increases strongly. The latter is expected
since the confinement threshold depends quadratically on the
perturbation current. Thus, at least qualitatively, the recent
measurements at TEXTOR confirm our theoretical predictions.
The interpretation of the synchrotron radiation with
respect to runaway number and radial distribution is
straightforward as long as the maximum energy and the
radius of curvature remain constant, as is normally the case.
Sudden variations of the curvature have been observed e.g.
in pitch angle scattering events and they result in a sudden
increase in IR-intensity. Slow variations with time scales of
seconds bear some uncertainty for the interpretation because
the acceleration in the loop voltage of a tokamak discharge
from 1 MeV runaway to 30 MeV runaways requires about one
second. Therefore we hesitate to interpret here the time after
the switch off of the DED.
5. Discussion and conclusion
Starting with the general relativistic form of the Hamiltonian
for a charged particle in an EM field, we applied a guiding-
centre transformation to eliminate the fast gyration of the
particles around the field lines. In section 2.3 the Hamiltonian
and the equations of motion for the guiding-centre drift were
derived in toroidal geometry in a form being appropriate for
discrete mapping. For quantitative results, a model for the
toroidal main field, including toroidal corrections like the
Shafranov shift, was introduced in section 3.2. Combined
with the perturbation field, a four-dimensional mapping was
derived for the drift of relativistic particles in a (generally
time-dependent) perturbation field. For static perturbations,
the four-dimensional mapping reduces to a two-dimensional
one.
Starting with section 3.3, the drift effects of high-energetic
relativistic electrons were analysed. The shifts of the drift
949
A. Wingen et al
surfaces with a constant safety factor were demonstrated in
figure 1. The surfaces of runaway electrons are shifted
outwards with increasing kinetic energy, while the surfaces
of co-passing electrons are shifted inwards. Including the
perturbation, the reduction of the chaotic plasma edge with
increasing kinetic particle energy was shown for electron
runaways in section 4.1. Particles with high kinetic energy
do not really feel the chaotic magnetic field if the latter does
not propagate deep into the plasma. Low-energetic particles
mainly follow the field lines. The very high-energetic electrons
with kinetic energies larger than approx. 8 MeV are totally
confined inside the plasma for the m/n = 12/4 base mode.
The last intact drift surface is located directly beneath the wall.
In the other base mode operations the perturbation penetrates
deeper inside the plasma and the particles still feel the chaotic
field at even higher kinetic energies. The mapping results were
quantitatively confirmed by the analysis of the dependence of
the escape rates on the kinetic energy in section 4.2. It was
shown that the characteristic parameter λ for the exponential
decay decreases linearly with increasing kinetic energy. The
critical energy level for the confinement of the ergodic zone
was extrapolated for the 12/4, 6/2 and 3/1 base modes.
The predictions were compared with recent measurements
of runaways in TEXTOR. The experiment confirms the
theoretical predictions and underlines the correctness of the
estimated energy thresholds.
In appendix B we present, for completeness, the non-
relativistic limit. It should be emphasized that the high-
energy effects cannot be seen in the non-relativistic case [57].
Furthermore, only drift effects of ions can be studied with the
non-relativistic model. At non-relativistic energies, electrons
do not show any relevant drift effects.
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Appendix A. Co-passing electrons
For co-passing electrons the drift map also becomes more and
more regular with increasing particle energy. This is similar
to the findings of section 3.2. In the following we discuss the
results for the m/n = 12/4 base mode parameters.
Although the structures become more regular with
increasing kinetic energy, the finger-structures become more
distinctive and much more concentrated at the angle position
of the DED coils, θ = π . Due to the drift effects, which cause
a shift of the drift surfaces towards the DED coils, as shown
in figure 1, the occurrence of the fingers around θ = π is
expected. But the co-passing electrons are shifted into areas
of stronger perturbations. One would expect similar or even
stronger chaotic behaviour. On the contrary, the co-passing
electrons also behave more regularly for higher energies, as
can be seen in figure 9. This can only be an effect of the high
kinetic energy of the electrons. Their motion inside the torus
is so fast that they cannot really feel the chaotic magnetic field.
Some effects of the perturbation are still present, according to
Figure 9. Drift map for 15 MeV co-passing electrons in the 12/4
base mode with I0 = 10 kA.
figure 9, where we can clearly see four fingers at the position
of the coils. But also, as for runaway electrons, intact drift
surfaces are connected to the wall, now at the inner side of the
torus.
Appendix B. Non-relativistic limit
For temperatures T with kT = 10–20 keV only a few
particles have energies larger than the rest energy. Most of
the particles can be described non-relativistically. From our
general formulation we now obtain for energies E  ε0 the
non-relativistic limit.
Starting from equation (32), the term
ε0(γ
2 − 1) = ε0
(−pt − φ
ε0
)2
− ε0 (B.1)
is the only part of the Hamiltonian K , which depends on the
normalized total particle energy H˜ = −pt . By subtracting the
rest energy
H˜nr = H˜ − ε0 = −pt − ε0 =: −h (B.2)
follows. Here, we have introduced the canonical momentum
h. It corresponds to the negative non-relativistic total energy.
Inserting h into equation (B.1), we obtain
ε0
(−pt − φ
ε0
)2
− ε0 = ε0
[(
1 +
−h − φ
ε0
)2
− 1
]
. (B.3)
Going to the non-relativistic limit, we introduce the smallness
parameter
µ := −h − φ
ε0
 1. (B.4)
Now we can expand the right-hand side of equation (B.3) into
a power series with respect to µ,
ε0
[
(1 + µ)2 − 1] ≈ 0 + 2ε0µ + O(µ2) = 2(−h − φ),
(B.5)
and neglect all higher-order terms in µ. Inserting the result
into the relativistic Hamiltonian K , we get the non-relativistic
Hamiltonian
Knr = −fϕ − σ(1 + xc)
√
2(−h − φ − ωxIx) (B.6)
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and the non-relativistic equations of motion
dz
dϕ
= 1
Zq
(1 + xc)
[
∂fϕ
∂xc
,
+ σ
2(−h − φ) − ωxIx − (1 + xc) ∂φ∂xc√
2(−h − ωxIx − φ)
]
, (B.7)
dpz
dϕ
= ∂fϕ
∂z
− σ ∂φ
∂z
1 + xc√
2(−h − ωxIx − φ)
, (B.8)
dt
dϕ
= σ 1 + xc√
2(−h − ωxIx − φ)
, (B.9)
dh
dϕ
= ∂fϕ
∂t
− σ ∂φ
∂t
1 + xc√
2(−h − ωxIx − φ)
, (B.10)
dϑx
dϕ
= σ(2(−h − ωxIx − φ))−1/2, (B.11)
dIx
dϕ
= 0. (B.12)
These equations agree with previous findings [57].
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